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We present the results of kinetic numerical simulations that demonstrate the existence of a novel branch

of electrostatic nonlinear waves driven by particle trapping processes. These waves have an acoustic-type

dispersion with phase speed comparable to the ion thermal speed and would thus be heavily Landau

damped in the linear regime. At variance with the ion-acoustic waves, this novel electrostatic branch can

exist at a small but finite amplitude even for low values of the electron to ion temperature ratio. Our results

provide a new interpretation of observations in space plasmas, where a significant level of electrostatic

activity is observed in the high frequency region of the solar-wind turbulent spectra.
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The study of the kinetic dynamics of collisionless plas-
mas at short wavelengths is becoming a subject of active
interest in the field of space plasma physics. In the absence
of collisional processes, as is the case for the solar-wind
plasma, how energy eventually turns into heat in the short
wavelength tail of the turbulent cascade still represents a
puzzling question and a fascinating challenge. Several
investigations aim to understand the features of the dynam-
ics at small scales in space plasmas by analyzing both
experimental data from spacecraft [1–3] and numerical
results from kinetic simulations [4–6].

In the late 1970s, Gurnett et al. [7] analyzing solar-wind
measurements from the Helios spacecraft showed that the
high frequency (few kilohertz) regions of the energy spec-
tra are dominated by longitudinal electrostatic activity,
identified as ion-acoustic (IA) waves. An extensive theo-
retical and observational literature [8,9] supports the inter-
pretation of a large amount of Helios data in terms of IA
waves. Recent hybrid-Vlasov simulations [6] pointed out
that besides the IA branch, in agreement with solar-wind
observations, a novel branch of electrostatic waves
exists at small scales (smaller than the ion inertial length).
These waves have been dubbed ion-bulk (IBk) waves, as
their phase speed is comparable to the ion thermal
speed vti.

In this Letter, we demonstrate the existence and inves-
tigate the nature of the IBk waves by means of numerical
electrostatic simulations, where the Vlasov equation is
integrated for the ion species, while the electron response
is taken to be the standard Boltzmannian response ne ’
n0ð1þ e�=kBTeÞ (n being the particle density, e the elec-
tric charge, � the electrostatic potential, and Te the elec-
tron temperature). Our numerical results show that the IBk
waves can be excited by general type drivers (even of low
amplitude) applied to the plasma in order to create a
population of trapped particles. This suppresses Landau
damping [10] that would otherwise dissipate such slowly
propagating waves. Moreover, at variance with the IA

waves [10,11], the IBk waves can exist even at low values
of the electron to ion temperature ratio Te=Ti, this being
relevant to the case of the solar-wind plasma, where Te=Ti

is typically of order unity.
In order to describe the propagation of electrostatic

waves at frequencies of the order of and below the ion
plasma frequency !pi, we consider the Vlasov-Yukawa

(VY) model (kinetic ions and Boltzmannian electrons).
The VY equations, in 1D-1V phase space configuration
and in dimensionless units, are written as follows:
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where fðx; v; tÞ is the ion distribution function, � is the
electrostatic potential, and the electric field is given by
E ¼ �@�=@x. In the above equations and from now on,
times are scaled by !�1

pi , velocities by vti, and lengths by

the characteristic lengthL ¼ vti=!pi. With this choice, the

Debye length in scaled units is equal to
ffiffiffiffiffiffiffiffiffiffiffiffi
Te=Ti

p
.

The analytical solution of the VYequations in the linear
approximation [10,11] shows that the imaginary part of the
wave frequency, responsible for damping or amplification,
is proportional to the velocity derivative of the ion distri-
bution function at the wave phase speed v�. Thus, in the

case of Maxwellian velocity distributions, slowly propa-
gating waves are suppressed by Landau damping after a
few wave cycles. On the other hand, by taking into account
particle trapping processes that can inhibit Landau damp-
ing [12], undamped solutions with v� ’ vti can exist. This

possibility has been already investigated for the electron
acoustic waves [13–17], which are electrostatic waves with
v� close to the electron thermal speed, also identified in

space plasmas [18].
The solution for the real part of the wave frequency! as

a function of the wave number k, obtained from Eqs. (1) by
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assuming a trapping region of vanishing velocity width, is
reported in Fig. 1 for Te=Ti ¼ 50 [curve 1 (black)],
Te=Ti ¼ 10 [curve 2 (red)], and Te=Ti ¼ 5 [curve 3
(blue)]. In the small wave number range of the ‘‘teardrop’’
diagrams displayed in Fig. 1, we distinguish two acoustic
branches: the nondispersive IA waves (upper branch) and
the IBk waves. At values of the wave number for which the
effects of charge separation are no longer negligible,
the dispersion relations depart from the acoustic lines,
and the IA and IBk branches coalesce at a value of k that
depends on Te=Ti. We also notice that the teardrop gets
smaller as Te=Ti is decreased, the IA and the IBk branches
approach one another, and finally no solution is found for
Te=Ti below a critical value T�

ei ’ 3:5.
We recall that the teardrop diagram is the typical k�!

diagram for a plasma column with finite radial geometry
(for example, a non-neutral plasma confined in a Penning
trap). In this case, the teardrop diagram represents the so-
called Trivelpiece-Gould modes [19] and the electron
acoustic waves. From this analogy, we see that a homoge-
neous infinite plasma of ions and Boltzmannian electrons
behaves as a single-species plasma column with a trans-
verse radius equal to the Debye length.

To demonstrate the existence of the IBk waves and
to confirm the analytical results discussed above, we
make use of a Eulerian algorithm that solves the VY
equations (1) numerically. The phase space is discretized
with Nx ¼ 1024 grid points in the spatial domain, where
periodic boundary conditions are imposed, and Nv ¼ 1601
in the velocity domain, whose limits are fixed at vmax ¼ 5.
At t ¼ 0 the ion velocity distribution is Maxwellian, and
both ions and electrons have homogeneous density
n0 ¼ 1. The external electric field used to trap reso-
nant ions has the form EDðx; tÞ ¼ Emax

D f1þ ½ðt� �Þ=
���ng�1 sinðkx�!DtÞ (Emax

D ¼ 0:001, � ¼ 1200, �� ¼
600, and n ¼ 10). We drive the longest wavelength that
fits into the simulation box and choose a wave number
k ¼ 0:05 in the nondispersive range, where charge separa-
tion effects are negligible (see Fig. 1). The external driver
is applied directly to the ions in the Vlasov equation. This
corresponds to simulating the interaction between external
waves and the ions such as the ion-cyclotron interaction
considered in the simulations in Refs. [4,6]. Moreover, the

driver is switched on and off adiabatically, and its ampli-
tude, after the driving process, is nearly zero again at
toff ’ 2000. The low value of the maximum driver ampli-
tude (Emax

D ¼ 0:001) allows us to compare the numerical
results with the analytical ones in Fig. 1 (obtained for a
vanishing width trapping region).
To characterize the plasma response, in Fig. 2 we plot

the maximum value of the electric energy E ¼ R
E2=2dx in

the time interval ½2500; 4000� as a function of v�D
¼

!D=k (resonance curve). For Te=Ti ¼ 10 [curve 1
(blue)], two well-defined peaks are visible, the first at
v�D

’ 1:85 and the second at v�D
’ 3:62. These

values are slightly different from the analytical predictions

in Fig. 1 for IA and IBk waves (vðIAÞ
� ’ 3:68 and

vðIBkÞ
� ’ 1:46) due to the fact that the trapping region

created in the simulations by the external driver is of small
but finite velocity width, as we shall show in the following.
An analogous effect has been discussed for the case of the
electron acoustic waves in Ref. [14]. The effects of the
nonvanishing trapping region can also be seen in the fact
that successful excitation of IA and IBk waves is obtained
for a wide band of driver phase velocities around the two
maxima: The two peaks in the resonance curve would get
thinner and thinner for a trapping region with smaller and
smaller width. For Te=Ti ¼ 5 [curve 2 (red)], a single
broad peak is found at v�D

’ 2:5. As shown in Fig. 1, the

IA and IBk branches approach one another when decreas-
ing Te=Ti. In the simulations, due to the nonvanishing
trapping region, the wide IA and IBk resonance peaks
overlap, thus making the IA and the IBk branches indis-
tinguishable. Finally, curve 3 (black) at Te=Ti ¼ 1 displays
a lower but still significant response at v�D

’ 1:75. We

recall that the analytical results predict no solutions for
Te=Ti < T�

ei ’ 3:5. Nevertheless, in the numerical simula-
tions, the presence of a trapping region of finite velocity
width allows for the existence of fluctuations even for
Te=Ti < T�

ei. To our knowledge, this is the first evidence
of electrostatic waves propagating with phase velocity
comparable to vti for low values of Te=Ti. These numerical
results can be of strong impact for the case of the solar-
wind plasma.

FIG. 1 (color online). Dispersion curves for the IA and IBk
waves for three different values of Te=Ti.

FIG. 2 (color online). Resonance curve for Te=Ti ¼ 10
[curve 1 (blue)], Te=Ti ¼ 5 [curve 2 (red)], and Te=Ti ¼ 1
[curve 3 (black)].
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In Fig. 3, we show the time evolution of the electric field
calculated at a fixed point x0 in the spatial domain for
Te=Ti ¼ 10 (with v�D

¼ 1:85) (a), Te=Ti ¼ 5 (with

v�D
¼ 2:5) (b), and Te=Ti ¼ 1 (with v�D

¼ 1:75) (c). As

is clear from these three plots, after the driver has been
turned off (at t ’ 2000) the electric field oscillates at an
almost constant amplitude, with a value that depends on
Te=Ti; the largest response is observed at Te=Ti ¼ 5. We
also notice that impulsive spikes appear in the electric
field; moreover, after the driver has been turned off, the
electric signal appears to be composed of many frequen-
cies. Fourier analysis (not shown here) reveals that during
the driving process modes with higher and higher wave
numbers grow exponentially in time and quite soon reach
an energy level comparable to that of the mode driven by
the external field. The k�! spectra of the electric energy
show that these modes form an acoustic branch with phase
speed v� ¼ v�D

.

This evidence suggests that the external driver has cre-
ated unstable regions in the ion distribution function. Since
the system dynamics is qualitatively independent on the
value of Te=Ti, in the following wewill discuss in detail the
numerical results for Te=Ti ¼ 10 and v�D

¼ 1:85, in order

to understand the physical mechanisms underlying the
growth of the high wave number spectral components of
the electric field. The top plot of Fig. 4 displays the
level curves of the ion distribution function in phase space
at t ¼ 1200 [i.e., during the driving process; see Fig. 3(a)].
The region of trapped particles has a velocity width

�v ’ 0:4 and moves with mean velocity equal to
v� ¼ 1:85 in the positive x direction.

At the bottom in Fig. 4, we plot the velocity derivative
[ð@f=@vÞjv�

] of the ion distribution function calculated at

v ¼ v� ¼ 1:85 as a function of x. We notice that the

external electric field has created regions of positive ve-
locity slope. In particular, ð@f=@vÞjv�

has a positive and

almost constant value inside the trapping region and re-
mains locked in the vortical structure as time goes on. The
region of positive velocity slope corresponds to the gen-
eration of a well-defined bump in the ion velocity distri-
bution in the vicinity of v�. As a consequence, the ion

velocity distribution becomes unstable in the spatial re-
gions where the ions are trapped in the wave potential well.
In a future extended version of the present work, we will
discuss this instability process in more detail, showing that
the growth rate of the high wave number electric field
components can be evaluated as if due to a secondary
instability in a locally uniform plasma and that this insta-
bility is inhibited at high wave numbers, when charge
separation effects come into play.
In Fig. 5, we show four snapshots of the phase space ion

distribution function (top row) and the corresponding elec-
tric field (bottom row) at four different times. In Fig. 5(a) at
t ¼ 1620, a localized wave packet is generated at the
spatial position corresponding to the trapped particle re-
gion; this wave packet remains locked inside the vortical
structure that has generated it. The growth of the high wave
number components, due to the instability discussed
earlier, leads to the formation inside the large-scale mother
vortex of secondary vortical structures in phase space with
short spatial scale lengths [see also Fig. 5(b) at t ¼ 1760].
As time goes on, these secondary vortices tend to merge,

FIG. 3. Time evolution of the electric field, calculated at a
fixed point in the spatial domain, for Te=Ti ¼ 10 (with v�D

¼
1:85) (a), Te=Ti ¼ 5 (with v�D

¼ 2:5) (b), and Te=Ti ¼ 1 (with

v�D
¼ 1:75) (c).

FIG. 4. Top plot: Level curves of the ion distribution function
in phase space at t ¼ 1200; bottom plot: velocity derivative of
the ion distribution function calculated at v ¼ v� as a function

of x at t ¼ 1200.

PRL 106, 165002 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

22 APRIL 2011

165002-3



and at later times [Fig. 5(c), at t ¼ 10 000] a single vortical
structure survives. The corresponding electric field dis-
plays a solitonlike waveform, locked in the trapping region
and propagating with mean velocity equal to v� ¼ 1:85.

This electric waveform is an extremely long-lived structure
that propagates unchanged in time, as shown in Fig. 5(d) at
t ¼ 20 000. Isolated electrostatic structures, similar to
those recovered in our simulations, are commonly ob-
served in space plasmas [20,21]. In particular, analyzing
the solar-wind data from the WIND spacecraft, Mangeney
et al. [20] found that the spatial width of these isolated
signals is ’ 25�D. The spatial length of the solitonlike
structures in our simulations ( ’ 15�D for Te=Ti ¼ 10
and ’ 35�D for Te=Ti ¼ 1) is consistent with the estimate
in Ref. [20].

In this Letter, we have demonstrated the existence of a
novel branch of electrostatic waves, called IBk waves.
These waves can be excited even at low values of Te=Ti

and in the long time limit display a solitonlike waveform.
These results allow us to conclude that in the simulations
of solar-wind turbulence in Ref. [6] the ion-cyclotron
waves play the role of an external driver that creates a
diffusive plateau in the longitudinal ion velocity distri-
bution through resonant interaction with ions [22]. Once
the plateau has been created, the longitudinal IBk chan-
nel, sustained by trapping, is available for turbulence to
develop towards small wavelengths. The role of ion
trapping by short-scale IA waves driven by parametri-
cally unstable monochromatic ion-cyclotron waves in low
� plasmas has been also discussed in Ref. [4]. Our
results give important insights into the nature of the
electrostatic activity at short wavelengths in the solar
wind.
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FIG. 5 (color online). Top plot: Contour plot of the phase space ion distribution function at t ¼ 1620 (a), t ¼ 1760 (b), t ¼ 10 000
(c), and t ¼ 20 000 (d); bottom plot: the corresponding electric field signals.
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